A free numerical semigroup is a submonoid of the non-negative integers with finite complement that is additively generated by the terms in a telescopic sequence with gcd 1. However, such a sequence need not be minimal, which is to say that some proper subsequence may generate the same numerical semigroup, and that subsequence need not be telescopic. In this paper, we will see that for a telescopic sequence with any gcd, there is a minimal telescopic sequence which generates the same submonoid. In particular, given a free numerical semigroup we can construct a telescopic generating sequence which is minimal. In the process, we will examine some operations on and constructions of telescopic sequences in general.
Introduction
Let N denote the set of positive integers and let N 0 = N ∪ {0}. For a set A ⊆ N 0 , let A denote the set of all (finite) N 0 -linear combinations of elements of A. Let S be a submonoid of N 0 . All submonoids of N 0 are finitely generated, so S = A for some finite A = {a 1 , . . . , a k } ⊂ N 0 . We also write this as S = a 1 , . . . , a k . We say a set A is minimal if
It is well known that any set has a unique minimal subset that generates the same submonoid, and hence there exists a bijection between submonoids of N 0 and minimal subsets of N 0 . (See [15, Cor. 2.8] for details.)
In this paper, we are interested in generating sets that are ordered in some way, so we consider (finite) sequences G = (g 1 , . . . , g k ) for some k ∈ N with g i ∈ N 0 . (We will write this as G ∈ N k 0 .) We similarly define G by G = g 1 , . . . , g k . As with sets, a sequence G is minimal if G ′ = G for all proper subsequences G ′ of G. Any sequence then has a unique minimal subsequence that generates the same submonoid. Observe that any permutation of a minimal sequence is also necessarily minimal.
For G ∈ N k 0 a sequence with g 1 + g 2 = 0, let G i = (g 1 , . . . , g i ) and d i = gcd(G i ) for 1 ≤ i ≤ k. Let c(G) = (c 2 , . . . , c k ) where c j = d j−1 /d j for 2 ≤ j ≤ k. (Note that c j is well-defined when d j = 0 for all j, which occurs precisely when g 1 + g 2 = 0.) If c j g j ∈ G j−1 for all j, then we say G is a telescopic (or smooth) sequence. Some authors include the additional properties where gcd(G) = 1 and/or G is an increasing sequence. In this paper, we require neither.
Telescopic sequences arise naturally in the world of numerical semigroups. They generate so-called free numerical semigroups, which have some nice properties that we will see along with references for further reading in Section 2.
The motivation for this paper is how the definitions of "telescopic" and "minimal" interact. Consider the following example. Example 1.1. Let S = G for G = (660, 550, 352, 50, 201) ∈ N 5 0 . One finds that c(G) = (6, 5, 11, 2) and that c j g j ∈ G j−1 for 2 ≤ j ≤ 5, so G is a telescopic sequence. Since gcd(G) = 1, S is a free numerical semigroup. However, G is not minimal because 550 = 0 · 660 + 0 · 352 + 11 · 50 + 0 · 201. We eliminate 550 from G to obtain the proper subsequence G ′ = (660, 352, 50, 201) with G ′ = G = S. One readily sees that G ′ is minimal. However, G ′ is not telescopic.
This leads to the following question.
Question 1.2. Given a telescopic sequence G, does there exist a telescopic sequence G ′ which is minimal and has G ′ = G ?
We can ask this more generally. Question 1.3. Suppose G and H are sequences such that G = H . If G is telescopic, must some permutation of H be telescopic?
As Example 1.1 illustrates, for G telescopic and G ′ its unique minimal subsequence, G ′ need not be telescopic. In this particular case, the permutation (660, 50, 352, 201) of G ′ is telescopic. We will show that this always happens -i.e., that the answer to Question 1.2 is "yes," as is the answer to the more general Question 1.3. In the context of numerical semigroups, this means that any free numerical semigroup is generated by a telescopic minimal sequence, and we will give a procedure to compute it.
Organization
This paper is organized as follows. In Section 2, we will give some background material on free numerical semigroups. Following that, given a sequence (c 2 , . . . , c k ) and d ∈ N, we provide an explicit method (Corollary 3.5) in Section 3 to produce any telescopic sequence G = (g 1 , . . . , g k ) such that c(G) = (c 2 , . . . , c k ) and gcd(G) = d. In Section 4, we describe two functions which map telescopic sequences to telescopic sequences. As we will see, any function which maps telescopic sequences to telescopic sequences (with the same gcd) must be a composition of these functions (with certain parameters).
Then, in Section 5 we present a construction which takes a telescopic sequence as input and outputs a minimal telescopic sequence that generates the same submonoid, answering Question 1.2 affirmatively. The main result is Theorem 5.11. As a corollary, we find that every free numerical semigroup is generated by a minimal telescopic sequence. We also answer the more general Question 1.3 affirmatively.
Finally, in Section 6 we combine two results (Corollary 3.5 and Proposition 5.6) to give an explicit method to construct any minimal telescopic sequence G with c(G) = (c 2 , . . . , c k ). As an application, we have Corollary 6.3 which says that any non-decreasing telescopic sequence G = (g 1 , . . . , g k ) with c j > 1 for all j is necessarily minimal.
Background
Free numerical semigroups, which are generated by telescopic sequences G with gcd(G) = 1, have been studied in various contexts in [2, 3, 5, 9, 11, 12, 13, 14, 15] , among other places. We will highlight some of their properties.
Numerical semigroups
We begin with numerical semigroups. For a comprehensive reference on the subject, see [15] .
A numerical semigroup S is a submonoid of N 0 with finite complement. It is well-known that every numerical semigroup S is given by S = A for finite A ⊂ N 0 with gcd(A) = 1. Since we are interested in generating sequences, we equivalently have that every numerical semigroup S is given by S = G for some k ∈ N and G ∈ N k 0 with gcd(G) = 1. Elements of the complement of S are known as gaps of S, and we denote the set of gaps by H(S). The genus of S, denoted g(S), is the number of gaps of S. The Frobenius element of S, denoted F (S), is the largest integer not in S. The embedding dimension of S, denoted e(S), is the cardinality of the unique minimal generating set of S (which is the cardinality of any minimal generating sequence of S).
Given a numerical semigroup S, it can be difficult to compute g(S), F (S), and other properties of the set of gaps. One very helpful tool is called the Apéry set [1] . For any nonzero t ∈ S, the Apéry set of S relative to t is Ap(S; t) = {s ∈ S : s − t ∈ S}.
Equivalently, Ap(S; t) is the set of elements in S which are minimal in their congruence class modulo t.
If one knows Ap(S; t), then one immediately knows the genus and Frobenius number of S. 
and
One can also deduce other properties of the gaps of S with the following identity and an appropriately chosen function f . 
For instance, with f (n) = n in Equation (3), one obtains the genus formula in Equation (2) . For additional applications in the case where S = a, b , see [17] .
Free numerical semigroups
A numerical semigroup S is a free numerical semigroup if S = G for a telescopic sequence G. The following result motivates the interest in free numerical semigroups, which appear in the literature in various contexts.
We write this first theorem for any value of gcd(G), whereas it usually appears in the case of gcd(G) = 1.
with integers n 1 , . . . , n k where 0 ≤ n j < c j for j = 2, . . . , k. Furthermore, for such an n ∈ dZ, we have n ∈ G if and only if n 1 ≥ 0.
This theorem is a generalization of the result that, given relatively prime positive integers a and b, any integer n can be uniquely written as n = n 1 a + n 2 b with n 1 , n 2 ∈ Z and 0 ≤ n 2 < a.
We then obtain an explicit description of the Apéry set of a free numerical semigroup relative to the first generating element.
We can then apply Theorem 2.1 to get the formulas for the Frobenius number and genus of a free numerical semigroup. The formula for F (S) in this case was known to Brauer [4] . 
Observe that for S a free numerical semigroup we have F (S) = 2g(S) − 1. Numerical semigroups with this property are symmetric. One equivalently characterizes these semigroups as those for which the map φ : S → Z \ S given by φ(s) = F (S) − s is a bijection.
We can combine Corollary 2.4 with Theorem 2.2, to obtain an explicit identity for the gaps of a free numerical semigroup.
. . , g k ) telescopic and c(G) = (c 2 , . . . , c k ). For H(S) the set of gaps of S, and for any function f defined on N 0 ,
As before, with the function f (n) = n in Equation (8) we recover the genus formula given in Equation (7).
Prior results
The motivating question for this paper is whether a free numerical semigroup has a minimal telescopic generating sequence. We can answer the question immediately for embedding dimension at most 3.
If e(S) = 1, then S = N 0 = G for G = (1), which is a minimal telescopic sequence. If e(S) = 2, then S = G for G = (a, b) with a, b > 1 and gcd(a, b) = 1. The sequence G = (a, b) is telescopic, so S is generated by a minimal telescopic sequence.
If e(S) = 3, then we need a result of Herzog [9] . (We quote the result as written in [15, Cor. 9.5].) For our purposes, if S is free then S is symmetric. If we also have e(S) = 3, then by the above theorem we have S = G for G = (am 1 , am 2 , bm 1 + cm 2 ), which one checks is telescopic (and of course minimal). This approach will not work when e(S) ≥ 4, however, because there are symmetric numerical semigroups which are not free. For instance, the numerical semigroup S = e + 1, . . . , e + e of embedding dimension e is symmetric and not free for all e ≥ 4.
In what follows, we will take a different approach to show that every free numerical semigroup S is generated by a minimal telescopic sequence.
Explicit form of telescopic sequences
In this section, our goal is to obtain an explicit form for the terms in a telescopic sequence, which we will need in Section 5. We will see a method to construct a telescopic sequence G with gcd(G) = d given a desired sequence c(G) and d ∈ N. Our method uses the same ideas as one sees in "gluing" of numerical semigroups, as described in [18] and [15, Chap. 8] .
Construction of telescopic sequences
For notation, given c m+1 , . . . , c n ∈ N 0 , let
And as was mentioned in the introduction, for i = 1, . . . , k, let
Proof. Observe that
With cancellation and the fact that 
G is telescopic if and only if mG is telescopic.
Proof. Let c(G) = (c 2 , . . . , c k ), H = mG, and c(H) = (e 2 , . . . , e k ). For i = 1, . . . , k, we have
Finally, for any j = 2, . . . , k, suppose c j g j ∈ G j−1 . For m ∈ N, this occurs exactly when c j mg j ∈ mG j−1 . Since e j = c j and h j = mg j , we conclude that c j g j ∈ G j−1 if and only if e j h j ∈ H j−1 . This holds for all j = 2, . . . , k, so G is telescopic if and only if H is telescopic.
We can now give an explicit description for the elements of a telescopic sequence. We do so first in the case where gcd(G) = 1 and then for any value of gcd(G).
is a telescopic sequence if and only if, for each
Proof. ( =⇒ ) Suppose G is telescopic. For i = 2, . . . , k, we will use strong induction.
We first show the statement is true for the base case i = 2. Since G is telescopic we
Hence gcd(c 2 , z 2 ) = 1. The conditions are therefore satisfied for i = 2.
For strong induction, for i = 2, . . . , n, with n < k, we assume
. . , g n . Since G is telescopic, we have c n+1 g n+1 ∈ g 1 , . . . , g n . We can divide through by C n,k (using the fact that
, and z n+1 ∈ z j C j,n : 1 ≤ j < n + 1 . Next, we verify the gcd condition. By Lemma 3.1, gcd(G n ) = C n,k , so
.
Therefore
Since we have verified all of the conditions for i = n + 1, by induction the statement is true for all i = 2, . . . , k.
We now give the result for any gcd(G).
Then G is a telescopic sequence if and only if, for each
. . , h k ), by Proposition 3.4, H is telescopic if and only, for each i = 2, . . . , k, there exists y i ∈ N 0 such that h i = y i C i,k , gcd(y i , c i ) = 1, and
We rewrite the quoted result of Proposition 3.4 to now say that with z 1 = dy 1 = d, G is telescopic if and only if, for each i = 2, . . . , k, there exists z i ∈ dN 0 such that g i = z i C i,k , gcd(z i /d, c i ) = 1, and z i ∈ z j C j,i−1 : 1 ≤ j < i . Since z 1 = d, the corollary statement follows.
Therefore, to construct a telescopic sequence G with gcd(G) = 1 and c(G) = (c 2 , . . . , c k ), we need integers z 1 , . . . , z k where z 1 = 1, gcd(z i , c i ) = 1, and z i ∈ z j C j,i−1 : 1 ≤ j < i for i = 2, . . . , k. If a sequence with gcd(G) = d is desired, we can just scale our constructed sequence by d.
In Section 6, we present an explicit method (Corollary 6.1) to construct any minimal telescopic sequence. We cannot include it here because it relies on a result (Proposition 5.6) from Section 5.
Specific values for certain telescopic sequences
We describe the sequences (c 2 , . . . , c k ) and (z 1 , . . . , z k ) that occur for some families of telescopic sequences: geometric, supersymmetric, and compound sequences. Applications of Corollary 3.5 to these sequences, as well as connections to certain algebraic curves, can be found in [7] .
A (finite) geometric sequence G of length k with gcd(G) = 1 is a sequence of the form (g 1 , . . . , g k ) where
In the notation of Proposition 3.4, we have z i = b i−1 for i = 1, . . . , k.
As named and studied in [6] , a supersymmetric sequence G of length k with gcd(G) = 1 is a sequence of the form (g 1 , . . . , g k ) where g i = A/a i where a 1 , . . . , a k are pairwise coprime natural numbers and A = a 1 · · · a k . In this case, gcd(g 1 , . . . ,
In the notation of Proposition 3.4, we have z i = a 1 · · · a i−1 for i = 1, . . . , k.
Geometric and supersymmetric sequences are special cases of compound sequences, which were named and studied in [10] . A compound sequence G of length k with gcd(G) = 1 is a sequence of the form (g 1 , . . . , g k ) where 
Operations on telescopic sequences
In this section, we will introduce two operations: ρ n maps a sequence of length k to a sequence of length k − 1; and τ g,m , which is a gluing map as described in [15, Chap. 8] , maps a sequence of length k to a sequence of length k + 1. With appropriate parameters, these operations "preserve telescopicness," which is to say they map telescopic sequences to telescopic sequences. We will also show that any function between two telescopic sequences with the same gcd can be written as a composition of these functions. In particular, ρ n will be useful in Section 5 where we will use it to eliminate redundant terms from a telescopic sequence which is not minimal.
Sequence operations
Using this notation, we have the following results.
Proof. The first result is a consequence of the fact that for a, b, c ∈ Z, gcd(a, b, c) = gcd(gcd(a, b), c).
The second result is equivalent to saying (g i+1 , . . . , g j ) × (g j+1 , . . . , g l ) = (g i+1 , . . . , g l ), which is true when i < j < l.
Let S k denote the symmetric group on k letters. Elements of S k act on sequences G ∈ N k 0 in a natural way: for σ ∈ S k , let σ(G) = (g σ(1) , . . . , g σ(k) ) ∈ N k 0 . Since σ(G) is a permutation of G, we have σ(G) = G . In the following proposition, we show that the permutation (1 2) ∈ S k preserves telescopicness. g 1 , g 3 , . . . , g k ). Let c(H) = (e 2 , . . . , e k ).
We have e 2 = gcd(H 1 )/ gcd(H 2 ) = g 2 / gcd(g 2 , g 1 ), so
For the reverse implication, since σ has order two, if σ(G) is telescopic, then σ(σ(G)) = G is telescopic as well.
We now introduce two operations on sequences which preserve telescopicness. The first, ρ n , produces a sequence with one fewer entry. The second, τ g,m , produces a sequence that has one more entry. As we will see, given any two telescopic sequences G and H with gcd(G) = gcd(H), one can compose finite many of these functions to transform G into H.
For the definition of ρ n below, note that for
. . , c k ), and n = 2, . . . , k, we have c n | C n−1,k . Then, by Lemma 3.1,
The above definition allows us to remove the nth entry of G, for any n = 2, . . . , k. If we wish to remove the first entry, we can apply the permutation σ = (1 2) first and then apply ρ 2 . The result is
0 . In other words, τ g,m (g 1 , . . . , g k ) = (mg 1 , . . . , mg k , g). Proof. We begin with the case where gcd(G) = 1.
Let H = ρ n (G), so H = (h 1 , . . . , h k−1 ) where, for i = 1, . . . , n, we have h i = g i /c n , and for i = n, . . . , k − 1, we have h i = g i+1 . Let c(H) = (e 2 , . . . , e k−1 ).
We begin by computing gcd(H i ). For i < n, H i = G i /c n , so gcd(H i ) = gcd (G i /c n ). By Lemma 3.1, gcd(G i ) = C i,k = c i+1 · · · c k . Since i < n, this contains a factor of c n , so gcd (G i /c n ) = C i,k /c n .
For i ≥ n, we wish to show gcd(H i ) = C i+1,k . We proceed with induction on i. If i = n, H n = (G n−1 /c n ) × (g n+1 ). By the previous paragraph, gcd(G n−1 /c n ) = C n,k . By Proposition 3.4, g n+1 = z n+1 C n+1,k with gcd(c n+1 , z n+1 ) = 1. Then
For i > n, by Proposition 3.4 we have g i+2 = z i+2 C i+2,k with gcd(c i+2 , z i+2 ) = 1. By induction we assume gcd(
Therefore gcd(H i ) = C i+1,k for i > n. In particular, gcd(H) = gcd(H k−1 ) = C k,k = 1. Now we compute e j . For j < n, e j = gcd(
. . , c k ). Since gcd(G ′ ) = 1, we apply the above result to obtain gcd(ρ n (G ′ )) = 1 and c(ρ n (G ′ )) = (c 2 , . . . , c n−1 , c n+1 , . . . , c k ). By Lemma 4.5, Proof. Let H = τ g,m (G), and let c(H) = (e 2 , . . . , e k+1 ). We'll compute e j for j = 2, . . . , k, and for j = k + 1.
For j = k + 1, first note that
the final equality following from the fact that g ∈ G so gcd(G) | g. Then
Combining these results we have c(H)
With appropriate parameters, ρ n and τ g,m are inverses of each other as the following lemma shows. (c 2 , . . . , c k ) , g ∈ G , and m ∈ N with gcd(g, m) = 1. Then
Proof. Let H = ρ n (G), so H = (h 1 , . . . , h k−1 ) where h i = g i /c n for i < n, and h i = g i+1 for i > n. Let c(H) = (e 2 , . . . , e k−1 ). By Lemma 4.6, c(H) = (c 2 , . . . , c n−1 , c n+1 , . . . , c k ). Since G is telescopic, c j g j ∈ G j−1 for j = 2, . . . , k. We need to show e j h j ∈ H j−1 for j = 2, . . . , k − 1. For i = 1, . . . , n − 1, H i = G i /c n , so for j = 2, . . . , n − 1, e j = c j . Since G is telescopic, c j g j ∈ G j−1 , so e j h j = c j g j /c n ∈ G j−1 /c n = H j−1 .
Next, we have c n g n ∈ G n−1 . Since c n | gcd(G n−1 ), g n ∈ G n−1 /c n , so
Since e j h j ∈ H j−1 for j = 2, . . . , k − 1, H is telescopic. Proof. ( =⇒ ) Let H = τ g,m (G), so H = (h 1 , . . . , h k+1 ) with h i = mg i for i = 1, . . . , k, and h k+1 = g. Let c(H) = (e 2 , . . . , e k+1 ). By Lemma 4.7, c(H) = (c 2 , . . . , c k , m). Since G is telescopic, c j g j ∈ G j−1 for j = 2, . . . , k. We need to show e j h j ∈ H j−1 for j = 2, . . . , k +1.
is telescopic, then ρ k+1 (τ g,m (G)) is also telescopic. Since ρ k+1 (τ g,m (G) = ρ k+1 ((mG) × (G)) = G, and ρ n maps telescopic sequences to telescopic sequences, we conclude that G is telescopic.
Lemma 4.11. For any
by Lemma 3.1. 
Proof. First, suppose gcd(G) = 1. For j = 2, . . . , k, we wish to show τ z j ,c j • · · · • τ z 2 ,c 2 (1) is defined and equal to (z 1 C 1,j , . . . , z j C j,j ).
For j = 2, since z 2 ∈ 1 , τ z 2 ,c 2 (1) = (c 2 , z 2 ) = (z 1 C 1,2 , z 2 C 2,2 ). Now, for induction assume τ z j ,c j • · · · • τ z 2 ,c 2 (1) is defined and equal to (z 1 C 1,j , . . . , z j C j,j ).
In particular, for j = k, we have
Since τ dg,m (G) = τ g,m (dG) (by Lemma 4.5), we multiply by d and get
Finally, since z i = dy i and dH = G, 
Reversing the roles of G and H, since G is telescopic, we have the same result for φ H,G .
Construction of a minimal telescopic sequence
In this section, we present a method which takes a telescopic sequence G and produces a minimal telescopic sequence G ′ such that G ′ = G . In the context of free numerical semigroups, this shows that every free numerical semigroup is generated by a telescopic sequence that is minimal. As we will see, the main idea is in Proposition 5.6, which says there are only two ways in which a telescopic sequence can fail to be minimal.
Before we begin, we introduce one more sequence operation. For G ∈ N k 0 and n = 1, . . . , k, let
In other words, for G = (g 1 , . . . , g k ),
The nth term is removed from G and the indices of all subsequent terms are decreased by one. In order to avoid dealing with the empty sequence, we will assume k ≥ 2 for the remainder of this paper. With this notation, we have that a sequence G ∈ N k 0 is minimal if and only if π n (G) = G for all n = 1, . . . , k, if and only if g n ∈ π n (G) for all n = 1, . . . , k.
Proof. Since π n (G) = G , we use Lemma 5.1 twice with π n (G) and G to get
Proof. Since g n ∈ π n (G) , by Lemma 5.2 gcd(π n (G)) = gcd(G). We consider two cases: n = k and n < k.
. From Equation (9) we solve for a k g k to get 
For
We use Lemma 5.3 with Equation (11) to conclude that e m | a m . Then, since
we find c m = e m | a m , as desired. Now suppose n < m. Suppose g n ∈ π n (G m ) and g n ∈ π n (G m−1 ) . We aim to show g n = c m g m .
Since g n ∈ π n (G m ) , there exist non-negative integers a i such that
Since g n ∈ π n (G 
We then plug Equation (13) into Equation (12) to obtain
Since g n ∈ π n (G m−1 ) , we must have qb n = 0. Since qb n ∈ N, this implies qb n = 1, so (qb i + a i )g i = 0 for i = 1, . . . , m − 1, with i = n. Therefore q = b n = 1 and a i g i = b i g i = 0 for i = 1, . . . , m − 1, with i = n. Since q = 1, a m = c m . Finally, we plug these values into either Equation (12) or Equation (13) to conclude that g n = c m g m .
Proof. This follows immediately from Lemma 5.5.
Thus, if G is not minimal, there are two cases. We consider them separately. For the case where g n ∈ G n−1 , we use a result (Proposition 4.9) about ρ n from Section 4.
Corollary 5.7. Suppose G = (g 1 , . . . , g k ) ∈ N k 0 is telescopic and that g n ∈ G n−1 for some n. Then π n (G) is a telescopic sequence with π n (G) = G . Further, if n > 1, then c n = 1.
Proof. First, suppose n > 1 and let c(G) = (c 2 , . . . , c k ). If g n ∈ G n−1 , then G n−1 = G n so c n = gcd(G n−1 )/ gcd(G n ) = 1. By Proposition 4.9, the sequence ρ n (G) is telescopic. Since c n = 1,
Finally, if n = 1, we have G n−1 = G 0 = (), the empty sequence, so G 0 = {0}. Thus (1 2)(G) ). If G is telescopic, then by Proposition 4.2, (1 2)(G) is also telescopic, and then by the above argument for n > 1,
Now we consider the case where g n = c m g m . Instead of just removing g n (like in the previous case), we will first swap the positions of g n and g m before removing g n . As the following lemma states, this is equivalent to a permutation from S k−1 acting on π n (G).
We now have a lemma with two gcd results which will be useful for the main result of the g n = c m g m case. Since c 1 is not defined, we will assume n > 1 for the following lemma and proposition. We will then address the n = 1 possibility in Theorem 5.11 with the help of the permutation (1 2).
Lemma 5.9. For G = (g 1 , . . . , g k ) ∈ N k 0 a telescopic sequence with c(G) = (c 2 , . . . , c k ) and gcd(G) = d, if g n = c m g m for some m, n with 1 < n < m ≤ k, then g n = z n C n,k with z n ∈ d and gcd(z n /d, c n ) = 1. We have gcd(z n /d, c m ) = 1 and gcd(c j , c m ) = 1 for all n < j < m.
Proof. By Proposition 3.4, g n = z n C n,k with gcd(z n /d, c n ) = 1 and (c 2 , . . . , c k ) , suppose g n = c m g m for some m, n with 1 < n < m ≤ k. For the transposition (n m) ∈ S k , the sequence π m ((n m)(G)) is telescopic and π m ((n m)(G) 
Proof. For H = π m ((n m)(G)), by Lemma 5.8, H is a permutation of π n (G), and since g n ∈ π n (G) , H = π n (G) = G .
We have
where
Let c(H) = (e 2 , . . . , e k−1 ). To show H is telescopic, we must show e j h j ∈ H j−1 for 2 ≤ j ≤ k − 1. We will consider five subintervals of indices: 2 ≤ j < n; j = n; n < j < m; j = m; and m < j ≤ k − 1.
For 1 ≤ i < n, H i = G i and h i = g i , so for 2 ≤ j < n, e j = gcd(
Note that C n,k /c m ∈ N since m > n. Since gcd(z n /d, c n ) = 1 and gcd(z n /d, c m ) = 1 (the latter from Lemma 5.9), gcd(
And since H n−1 = G n−1 , we have e n h n ∈ H n−1 . From the j = n case, we saw gcd(H n ) = C n,k /c m . By Corollary 3.5, g n+1 = z n+1 C n+1,k for some z n+1 ∈ dN with gcd(z n+1 /d, c n+1 ) = 1. Then, Continuing in this way, for n ≤ i < m, gcd(H i ) = C i,k d/c m so for n < j < m, e j = gcd(H j−1 )/ gcd(H j ) = c j . Since G is telescopic, c j g j ∈ G j−1 . With g n = c m g m and h n = g m , we have g n ∈ h n , so G j−1 ⊂ H j−1 . Thus e j h j = c j g j ∈ G j−1 ⊆ H j−1 for n < j < m.
Suppose j = m. We first note that G m = H m−1 . Then, since H m is a permutation of π n (G m+1 ), H m = π n (G m+1 ) = G m+1 , the latter equality holding because g n ∈ g m ⊂ π n (G m+1 ) . Thus gcd(H m ) = gcd(G m+1 ) = C m+1,k d, so e m = gcd(H m−1 )/ gcd(H m ) = (C m−1,k d/c m )/(C m+1,k d) = c m+1 . Since G is telescopic, c m+1 g m+1 ∈ G m , Then e m h m = c m+1 g m+1 ∈ G m = H m−1 .
Finally, for m ≤ i ≤ k − 1, H i is a permutation of π n (G i+1 ), so H i = G i+1 and gcd(H i ) = gcd(G i+1 ) = C i+1,k d. Then for m < j ≤ k − 1, e j = gcd(H j−1 )/ gcd(H j ) = gcd(G j )/ gcd(G j+1 ) = c j+1 . Since G is telescopic, c j+1 g j+1 ∈ G j , so e j h j = c j+1 g j+1 ∈ G j = H j−1 for m < j ≤ k − 1.
Answers to Questions 1.2 and 1.3
We can now answer Question 1.2. Proof. If G is minimal, we are done. Otherwise, for G = (g 1 , . . . , g k ), there is some n for which g n ∈ π n (G) . By Proposition 5.6, either g n ∈ G n−1 or, for c(G) = (c 2 , . . . , c k ), g n = c m g m for some m > n. If g n ∈ G n−1 , then by Corollary 5.7 π n (G) is a telescopic sequence of length k − 1 such that π n (G) = G .
If g n = c m g m for some m > n, we consider two cases of n. If n > 1, then by Proposition 5.10, π m ((n m)(G)) is a telescopic sequence of length k − 1 such that π m ((n m)(G)) = G . If n = 1, then for H = (1 2)(G), we have H = (h 1 , . . . , h k ) a telescopic sequence with h 2 ∈ π 2 (H) and H = G , so π m ((2 m)(H)) is a telescopic sequence of length k − 1 such that π m ((2 m)(H)) = H = G .
Either way, we have taken a telescopic sequence of length k and produced a telescopic sequence of length k − 1 which generates the same submonoid. We can apply this process a finite number (at most k − 1) of times until we produce a minimal telescopic sequence G ′ so that G ′ = G .
Since a free numerical semigroup is one which is generated by a (not necessarily minimal) telescopic sequence G with gcd(G) = 1, we get the following.
Corollary 5.12. Suppose S is a free numerical semigroup. Then S is generated by a telescopic sequence which is minimal.
We conclude this section by answering Question 1.3. G = (g 1 , . . . , g k ) ∈ N k is a telescopic and non-decreasing sequence with c(G) = (c 2 , . . . , c k ) where c j > 1 for all j. Then G is minimal.
In particular, if gcd(G) = 1, then for the numerical semigroup S = G , we have e(S) = |G|.
Proof. If g j = g j−1 for some j > 1, then c j = 1. Since we assume c j > 1 for all j, we must have g j = g j+1 , so G is a strictly increasing sequence, so g n < g m whenever n < m.
Since G is telescopic and c j > 1 for all j, G is minimal if and only if g m ∤ g n for all 1 ≤ n < m ≤ k. Since g m > g n > 0, we have g m ∤ g n . Therefore G is minimal.
